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L’attuale avanzata comprensione delle Leggi Fondamentali dell’Universo
Fisico, confermata dalla scoperta del bosone di Higgs, dalla rivelazione delle onde
gravitazionali e dai precedenti esperimenti sia terrestri che spaziali, e’ fondata su
una formulazione matematica, eminentemente geometrica, sia delle domande che
delle risposte e su un quadro di riferimento concettuale che potremmo chiamare
la moderna Episteme.

Quest’ultima ha al suo centro, quale nucleo essenziale, la simmetria,
modernamente identificata con la teoria dei gruppi in tutte le sue
ramificazioni algebriche, geometriche e, finalmente, fisiche.

Questa evoluzione del pensiero fisico non sarebbe mai esistita senza
l’evoluzione, ad essa costantemente compenetrata, del pensiero matematico,
essendo questi due pensieri mutuamente essenziali uno all’altro.



Come si e’ giunti dall’antica, statica,  concezione greca della simmetria, 
identificata con l’equilibrio delle proporzioni e con la  bellezza,  alla moderna 
concezione dinamica dove la simmetria e’ un calcolo operatoriale di trasformazioni e 
come la nozione di spazio geometrico  si e’ parallelamente evoluta attraverso i secoli 
nel pensiero matematico e filosofico, forma un interessantissimo affresco storico non 
privo di pathos che e’ il soggetto di questo chiaccherata. 

La tesi argomentata e sostenuta dal relatore in un suo libro di recente 
pubblicazione in lingua inglese che forma la base del corso,  e’ la storicita’ e 
dipendenza culturale del pensiero matematico che, come tutte le altre forme di 
pensiero, fa parte integrante della cultura e dell’episteme di una civilta’ storicamente 
realizzata. 

La  scienza moderna e’ impensabile al di fuori del pensiero matematico 
elaborato dalla civilta’ occidentale che e’ discendente diretto del pensiero 
matematico e filosofico greco. Il legame di quest’ultimo con le condizioni 
storicamente eccezionali della polis greca e della sua organizzazione democratica e’
evidente all’analisi.  



oggi toccherò i punti salienti di una storia concettuale lunga 25 secoli, che saranno 
sviluppati con maggiore dettaglio nelle 4 lezioni seguenti.  Oggi mi soffermerò sulle 
analisi più filosofiche rimandando alle lezioni seguenti per le analisi concettuali che 
richiedo qualche maggiore spiegazione tecnica dei concetti matematici 



The Canon, was the title of a treatise 
written by the Vth century sculptor 
Polykleitos, who exemplified his theory 
in a bronze statue, the Doryphoros (the 
Spear Bearer). Both the treatise and the 
statue lost, but a roman marble copy 
dating about 120 BC has reached us 
from Pompeii and it is preserved in 
Naples National Archaeological 
Museum.  A quotation from the treatise 
has survived in the book De Placitis
Hippocratis et Platonis by Galen, the 
famous medical writer of the II century 
A.D..  



in his METAPHYSICS Aristotle  says:
. . . the so-called Pythagoreans applied 
themselves to the study of mathematics,
and were the first to advance that science; 
insomuch that, having been brought up
in it, they thought that its principles must 
be the principles of all existing things.
.

Aristotle observes that the ONE is 
reasonably regarded as not being itself a 
number, because a measure is not the things 
measured, but the measure or the ONE is 
the beginning (or principle) of number.



Easily countable, 
hence understandable, 

therefore beautiful!

In geometry  however made their 
appearance  irrational  numbers  and 
Pythagorean philosophy entered a crisis 



According to tradition Thales Milesius, the first 
Greek philosopher and mathematician, learnt 
about geometrical formulae in Egypt and in 
Babylon but he was the first who conceived the 
deductive method and provided what we call a 
mathematical proof of a theorem. Indeed the 
proposition about the inscription of a rectangular 
triangle in a circle.

Thales theorem .



Quotations from my book published by Springer:

A Conceptual History of Space and Symmetry:
from Plato to the SuperWorld



What remains unchanged from Antiquity is the 
association of numbers and symmetry with our 
perception of the understandable and understood



from a finite portion of the figure we can predict it in the
entire plane

How many of these patterns are possible?
ANSWER 17!  

All of these 17 patterns are represented in Alhambra, yet the reason behind 
was understood only in 1891 from  Fedorov in  Sankt Peterbourg :

TESSELLATION GROUPS of the PLANE!



Evgraf  Stepanovich Fyodorov (Orenburg 1853 –
Sankt Peterburg 1919).

The key word is GROUP! We need to go back to the beginning 
of the XIX century: GALOIS and still before, PLATO



Timaeus  includes 
the first mention 
of five regular 
solids and the
platonic theory of 
fundamental 
constituents of 
matter.
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The argument that leads to the identification of the four elements with four out
of the five regular solids is quite elaborate and based on the fundaments of 
Platonic Idealism.

The patterns are the 

Ideas, the 
imitations of the 
patterns are the 

Physical 
Phenomena,
the receptacle is 

just Space, the 
space of Geometry.



......our discussion of the universe requires a fuller 
division than the former; for then we made two classes, 
now a third must be revealed.

What nature are we to attribute to this new kind of being? 
We reply, that it is the receptacle, and in a manner 
the nurse, of all generation.

the Receptacle is 
the GEOMETRICAL SPACE

(Immanuel Kant will follow)



I must first raise questions 
concerning fire and the other 
elements, and determine what each 
of them is; for to say, with any 
probability or certitude, which of 
them should be called water rather 
than fire, and which should be called 
any of them rather than all or some 
one of them, is a difficult matter.

In modern terms Timaeus remarks that matter 
changes shape and status since it is probably 
made of subconstituents as it was claimed by the 
atomist Democritus

Democritus 460-370 BC



In this way Plato elaborates a conception according to 
which there are subconstituents of the basic elements, 
namely triangles with quantized angles  

𝜃 = 30 ; 45 ; 60  or 90  degrees 

and the faces of the fundamental elements =  solids 
are either squares or equilateral triangles that can be 
constructed by adjoining two triangles of the above 
class.



FOUR ELEMENTS,
FIVE SOLIDS, YET only THREE 
GROUPS





Evariste Galois 
(1811 - 1832)

Algebraic equations have been studied from
remotest Antiquity.

Girolamo Cardano
(Pavia 1501  

Roma 1576).

Niccolò Fontana
Tartaglia
(Brescia 1499 
Venezia 1557)

Abu Jafar Muhammad 
ibn Musa al-Khwarizmi
780 DC. 850 DC
Corte Abbaside

Diophantus 
Alexandrinus
III secolo DC

When an algebraic Equation is solvable by radicals?



Toledo in the XIIth century A.D. was the meeting 
place of Arab scholars  with Western latin 
speaking scholars. These latter came here (
in a catholic Kingdom)  and learned  Arabic to talk
with their colleagues and retrieve thanks 
to them the lost Greek science.   



Liber algebrae et almucabala is the title of the
translation into latin performed by Robert of
Chester and later repeated by Gherardo da
Cremona who translated also the Almagest,
namely the main book of Ptolemy



kh(w)ar "low" and zam "land." Khwarazm is indeed the lowest region in Central 
Asia 
The name also appears in Achaemenid inscriptions as Huvarazmish, which is 
declared to be part of the Persian Empire. 

Some Etimology

La città di Khiva è in Uzbekistan e ospita una statua di Al Khwarizmi, cioè quello di 
Khwarazm, un persiano……arabizzato. 



On the left Girolamo Cardano (Pavia 1501 - Rome 1576). On the right Niccolò 
Fontana (Brescia 1499 - Venice 1557)



Let us extend the field F with these roots

This means that every element                    is a rational
function  of the roots  i with coefficients in

Action of permutations on the new field K

Not all the permutations are OK, only those that preserve the field operations 

The set of these permutations forms a group, the Galois Group.





 We come now to the development of Group Theory that 
involves the extension from the finite to the infinite and 
the continuous as well. 

 The conceptual path is tied up with an intricate path of 
human lifes less dramatic, yet no less adventurous then the 
birth of Group Theory was.

 A highly momentuous episode in this tale took place in the 
Spring of 1870 in Paris. 

 Two young men were there. They had arrived together, they 
shared the same cheap hotel and met with the same French 
mathematicians. They were Felix Klein and Sophus Lie. 



Gaston 
Darboux

Camille Jordan

Sophus Lie Felix Klein



Have a geometric space and some 
transformation group. A geometry 
is the study of those properties of 
the given geometric space that 
remain invariant under the 
transformations from this group. 
In other words, every geometry is 
the invariant theory of the given 
transformation group. In all known 

geometries a founding concept was, as Klein 

emphasized, the notion of equivalence 
classes. In Euclidian geometry, for instance, 

all equilateral triangles of the same size are 
equivalent and you study the properties of the 
class.



Wilhelm Karl Joseph Killing (1847-
1923). Born in a small center near 
Siegen, he died in Muenster.

He studied in Berlin with Kummer, 
Weierstrass and Helmholtz. He 
received his doctoral degree in 
1872. Principal of a Lyceum in 
Eastern Prussia, in 1882. 
In 1884 in a small booklet 
published by his own Lyceum with 
the humble name of 
Programmschrift



Elie Cartan (1869-1951).  A true giant 
of XXth century mathematical 
thought. He completed the theory of 
Lie Algebras, invented exterior 
differential calculus, invented the 
theory of symmetric spaces, 
introduced the notion of mobile 
frames, reformulated the theory of 
General Relativity, discovered spinors
much earlier than physicists. He gave 
fundamental results in the theory of 
differential equations and essentially 
invented the concept of fibre-bundles.Student of Darboux



How matrices

and  vector spaces

were born





A.Cayley: A Memoir on the Theory of Matrices

The term matrix might be used in a more general sense, but in the present 
memoir I  consider only square and rectangular matrices a set of quantities 
arranged in the form of a square:

Cayley–Hamilton theorem,



Hermann Gunther Grassman 
(Stettin 1809 - Stettin 1877)



Giuseppe Peano (Cuneo 
1858 - Torino 1932).



From Gauss to Levi Civita



Carl Friedrich Gauss (1777 – 1855). 



Bernhard Riemann, a genius and a giant of human 
thought, had a very short and not too happy life. He 
was Gauss’ student both at the level of Diploma and 
of Habilitationschrift. The whole of his work is 
contained in no more than 11 papers for a total of 
little more than 200 pages. Yet each of his 
contributions was a milestone in Mathematics and 
set the path for century long future developments. 
The foundations of Riemannian geometry were laid 
in the 16 page long dissertation of his Habilitation. 
Riemann had important ties with the Scuola
Normale di Pisa and died in Italy at the age of 39.



It is known that geometry 
assumes, as things given, both 
the notion of space and the 
first principles of 
constructions in space. She 
gives definitions of them 
which are merely nominal, 
while the true determinations 
appear in the form  of axioms. 
The relation of these 
assumptions remains 
consequently in darkness; we 
neither perceive whether and 
how far their connection is 
necessary, nor a priori, 
whether it is possible.



The seeds of 
Differential Geometry 
were planted by 
Riemann in Pisa.  
Through Betti and 
Dini they came to 
Ricci who  went to 
Muenchen as  a young 
post-doc when Klein 
was lecturing there 
(1876)



The very first textbook in 
Differential Geometry. The 
very name of the discipline 
was invented by Bianchi.



From General Relativity to the Episteme of the XXIst 
Century and the Superworld



Ce sont tous ces phénomènes 
de rapport entre les sciences 
ou entre les differents 
discours dans les divers 
secteurs scientifiques
qui constituent ce que 
j’appelle épistème d’une 
epoque.
Michel Foucault





Hermann Weyl and the 
mathematical way of thinking…..

 In my work I always tried to unite the truth with
the beautiful, but when I had to choose one or the
other, I usually chose the beautiful...

 Words are dangerous tools. Created for our
everyday life they may have their good meanings
under familiar circumstances, but Pete and the man
in the street are inclined to extend them to wider
spheres without bothering about whether they then
still have a sure foothold in reality.

 We now come to the decisive step of mathematical
abstraction: we forget about what the symbols stand
for. The mathematician is concerned with the
catalogue alone; he is like the man in the catalogue
room who does not care what books or pieces of an
intuitevely given manifold the symbols of his
catalogue denote. He need not be idle; there are
many operations which he may carry out with these
symbols, without ever having to look at the things
they stand for.



Hermann Klaus Hugo Weyl (1885–1955). Born in Elmshorn near Hamburg, he
studied mathematics in Münich and Göttingen where he did his doctorate as
Hilbert’s student. Weyl joined the Faculty of Zürich ETH in 1913 where he
remained until 1930 and there he was colleague of Einstein. In 1930, after Hilbert’s
retirement he was his successor in Göttingen. In 1933 when Hitler came to power,
Weyl, whose wife Helene Joseph was a Jew, emigrated to the U.S.A. at the Institute
of Advanced Study in Princeton. Weyl’s wife was a philosopher who had been
Husserl’s student and this stirred Weyl’s interests in philosophy. They had two
sons. Weyl lived in Princeton until 1951, when he retired. After his first wife’s death
in 1948, Weyl married again in 1950 with the sculptress Ellen Bär and he divided
his time between Princeton and Zürich where he died in 1955 from heart attack.

Weyl brought continuous Lie Group Theory to the same
degree of perfection attained by Finite Group Theory.  In his

Classical Groups he elaborated Representation Theory and  
introducing weights was able to write his celebrated character 
formula



My own mathematical works are always quite unsystematic, without mode or
connection. Expression and shape are almost more to me than knowledge itself. 
But I believe that, leaving aside my own peculiar nature, there is in mathematics 
itself, in contrast to the experimental disciplines, a character which is nearer to 
that of free creative art.

In Aristotle’s logic one passes from the individual to the general by exhibiting
certain abstract features in a given object and discarding the remainder, so that two
objects fall under the same concept or belong to the same genus if they have those
features in common. This descriptive classification, e.g., the description of plants and
animals in botany and zoology, is concerned with actual existing objects. One might
say that Aristotle thinks in terms of substance and accident, while the functional idea
reigns over the formation of mathematical concepts.



In relation with the above views about the formation of  mathematical 

concepts we can add that there is a constant historical dialectics 

inherent to both mathematics and theoretical physics which has, as main 

untangled opponents, the issue of generalization and that of specific 

choices. This dialectics ultimately stems from our ambition to understand 

Nature in purely rational terms. On one side, exactly as described by 

Weyl, we generalize the notion of what exists into a mathematically 

defined family of what is possible. Typically the possible structures are 

parameterized by variables (the quadric coefficients in Weyl’s example) 

that have a range, namely can be thought as

points in a certain space which, in contemporary mathematical physics, 

is customarily dubbed the moduli space. In this way the trend of 

geometrization of both physics and mathematics is generally boosted: 

whatever is the notion we consider, it carries, attached with it, some sort 

of moduli space and our understanding of the virtual is essentially
encoded in our command over the geometry of moduli spaces



On the other hand we always would like to be able to select, 

among the possible structures, those that actually exist in 

Nature. Indeed some of Aristotle’s spirit persists in us up to 

the present time! 

In mathematical terms what actually exists corresponds to

some definite points in moduli space and our ambition is to 

characterize a priori such points, as special ones that we 

might predict. To this effect one resorts to new functions 

defined over moduli space, typically some potential or 

hamiltonian function, whose minima can select the special 
moduli points corresponding to what exists in actuality.



The game starts at this point once again in the new rush to 
define the family of possible hamiltonians and their moduli 
spaces. In these games a fundamental issue is provided by 
symmetries and by their classification to which Weyl also 
contributed a lot. The ultimate dream of many scientists is 
associated with sporadic entities, for instance groups. Because 
of their uniqueness they have no moduli and correspond to 
some end point in the conceptual chain. In some sense 
sporadic structures are the analogue in mathematical thinking 
of God or better of Gods, sticking to a polytheistic attitude that 
is historically much safer and peaceful of the monotheistic 
one.





Blaise Pascal: De l’esprit géometrique
C’est ce que la géométrie enseigne parfaitement.
Elle ne définit aucune de ces choses, espace, temps,
mouvement, nombre, égalité, ni les semblables qui 
sont en grand nombre, parce que ces termes-là
désignent si naturellement les choses qu’ils
signifient, a ceux qui  entendent la langue, que 
l’eclaircissement qu’on en voudrait faire apporterait
plus d’obscurité que d’instruction.

On ne peut entreprendre de définir l’être sans tomber 
dans cette absurdité: car on ne peut définir un  mot sans 
Commencer par celui-ci c’est, soit qu’on l’exprime ou qu’on
le sous-entende. Donc pour définir l’être, il faudrait dire
c’est et ainsi employer le mot défini dans la définition



The Complex Analytical Army

The Connection Army



Lie algebras attain perfection and 

reveal deep 

unexpected relations



Eugene Borisovich Dynkin (1924-2014) 
on the left. 
Harold Scott MacDonald Coxeter
(1907 - 2003) on the right.

Both Dynkin and Coxeter arrived at a graphical
encoding of the root systems. These are systems
of vectors in Euclidian space like that shown
here on the right which is the 𝐴3 system. They
had different target: Dynkin was interested in
Lie Algebras, Coxeter in reflection groups. There
is a deep relation between the two.



Classical Lie Group/Algebras Exceptional Lie Group/Algebras

This was the result of Killing revisited 
and reinforced by Cartan



The interpretation of the role of exceptional 
Lie Algebras that, up to  the Advent of the 
Superworld,  were regarded by physicists as 
Mathematical Curiosities

This is an important lesson to be learned: 
sporadic structures always hide some
fundamental truth relevant for the explanation 
of the Universe
(at least in our Wester Analytic System of Thought!)



Development of the Fiber Bundle notion and of the notion 

of a Connection on a Principal Bundle 

A Gauge Field in Physics Parlance



C. N. Yang 1922 [

Yang Mills paper  1954

Paper  on the connection 1950

https://en.wikipedia.org/wiki/Chen-Ning_Yang


The Mobius strip is the prototype of a manifold that is 
locally a trivial product of two manifolds, yet globally 
it is not a product. Indeed it is a fibre bundle.



𝐴 = 𝐵𝜇𝑑𝑥
𝜇

The connection one-form of Ehresman connection 
is the gauge field 
of Yang-Mills theory



 Strictly speaking the very first to introduce a connection was 
Christoffel, whose paper on the coefficients named after him dates 
1869. Levi Civita connection = gravity.

 Almost immediately after him, in 1873 Maxwell was the second to 
introduce a connection, this time on a U(1) principal bundle = = 
electromagnetism.

 In 1923 Cartan formalized the notion of affine connections.
 Ehresman connection on a principal bundle was introduced in 

1950
 Yang and Mills introducing non-abelian gauge fields dates 1954 = 

standard model of particle physics.
 As early as 1929, Hermann Weyl had introduced his peculiar gauge 

theory based on scale transformations rather than phase 
transformations, as it is appropriate for electromagnetism.



From this short summary not only we can fully appreciate the meaning of 
Yang’s picture but we also learn another important lesson.

Observing the history of science on a longer time-scale we see that the 
Galilean Method consisting of the three phases:

• (a) Interrogation of Nature
• (b) Formulation of a Theory to explain Observed Phenomena
• (c) Verification or Falsification of the further predictions of the Theory

is very important and valuable but it is not the end of the story.
Indeed there is not only Nature that has to be interrogated, but also 

Abstract Human Thought which finds its most efficient way of expression in the 
language of Mathematics. 

There exists, historically, an independent logical development of 
mathematical notions and constructions, whose point of origin is of philosophical 
nature, rooted in a System of Thought which is civilization dependent. Fundamental 
steps forward in physics occur quite often through a process of agnition: an existing 
mathematical structure is recognized to be the category encompassing fundamental 
concepts elaborated in physics. At that moment all the conceptual implications for 
physical thought of that mathematical structure are activated and a new vision 
emerges. 



How Global Properties came to prominence



Sir William 
Hodge (1903 -
1975)

Shiing-shen
Chern (1911, China 
- 2004 China)

André Abraham 
Weil (1906 Paris, 
- 1998 
Princeton).

Georges de Rham
(1903 Roche, -
1990 Lausanne).

The main question was: Given a manifold M and a structural group G, can I 
classify all the principal bundles P(M,G)? The answer was provided by the 
theory of characteristic classes developed by Chern and Weyl. It relies on the 
ideas of homology and cohomology developed after Poincaré by Hodge, de 
Rham and others. 



All the curves A, B, C are closed because they neither have a beginning nor an 
ending. Indeed they are loops. There is a difference between A,B and C. If you cut
the surface along A or B, it does not split in two parts. Hence neither A, nor B are 
the boundary of a region. If you cut the surface along C it splits in two parts
𝑅1 𝑎𝑛𝑑 𝑅2. Hence C is the boundary of these two regions.  Every boundary is
closed but not all curves (or surfaces) are boundaries. THIS IS HOMOLOGY in a 
nut shell



How Geometry became Complex

𝐽2 = −1



Eugenio Calabi
Milano, 1923

Shing-Tung Yau
Shantou,
China 1949
Harvard

Pierre Dolbeault
(1924 - 2015). He 
graduated at the  
ENS. Thesis written 
under Henri 
Cartan’s
supervision.

Erich Kahler 
(1906 Leipzig, 
2000 Wedel, 
near Hamburg, 
Germany).



On the other hand, René Descartes, besides his 
achievements in philosophy and his invention of analytic 
geometry, is to be credited for coining the term imaginary 
since he wrote such a sentence1: For any equation one can 
imagine as many roots as its degree would suggest but in 
many cases no quantity exists which corresponds to what
one imagines. This is just the General Theorem of Algebra 
in disguise. What was necessary to proceed further in the 
development of Algebra was to become aware of
what is the result of extending the field of real numbers 
with a new imaginary entity.



Complex structures operate on 
sections of the vector bundle



Complex Geometry Rises to Prominence



Another important example is provided by Calabi–Yau n-folds. These latter were
introduced by Eugenio Calabi in 1964 with the definition of complex
n-dimensional algebraic varieties, the first Chern class of whose tangent bundle vanishes.
Later, Shin-Tung Yau proved the theorem that for Calabi–Yau n-folds, every (1, 1) Dolbeault
cohomology class contains a representative that can be identified with the Kähler 2-form of
a Ricci flat Kähler metric.



THE GEOMETRY of GEOMETRIES continued



With Supersymmetry Geometry became Special and a lot of 
mathematical structures so far not utilized in Physics found
their proper interpretation.



With the advent of the superworld the question 
what is vertical, what is horizontal becomes 
much more subtle and new geometries enter the 
stage. It is a new very intricate and interesting 
story both on the Mathematical and the 
Physical Front.



Spin is the intrinsic angular 
momentum  of elementary particles

spin = integer number :  BOSON

spin = half integer number : FERMION

Fermions obey  Fermi Dirac statistics and hence Pauli 
exclusion principle . Bosons do not !



Boson

Fermion

Fermion

Boson

Transforms the  bosons into fermions and

viceversa
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Bruno Zumino

Roma 1923 -

Berkeley 2014

Julius Wess Oberwolz 

Austria 1934 –

Hamburg 2007.

They introduced the first example of a supersymmetric 

field theory in 1974



A new geometry 
is needed that 
incorporates 
both Bosons 
and Fermions



Daniel Freedman Peter  
van Nieuwenhuizen

Sergio Ferrara



 Produced in the last 40 years a spectacular revisitation 
and development of new and old geometries...

 The episteme has not been changed but refined in a 
deep and fertile way...

 Symmetry entered in these last 40 years a new 
challenging phase of its 2500 year long history that is 
extremely rich and conceptually surprising.


