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On the other hand, René Descartes, besides his 
achievements in philosophy and his invention of analytic 
geometry, is to be credited for coining the term imaginary 
since he wrote such a sentence1: For any equation one can 
imagine as many roots as its degree would suggest but in 
many cases no quantity exists which corresponds to what
one imagines. This is just the General Theorem of Algebra 
in disguise. What was necessary to proceed further in the 
development of Algebra was to become aware of
what is the result of extending the field of real numbers 
with a new imaginary entity.



The real numbers do not form a closed field, the complex number do!





Three imaginary units instead of one
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How many imaginary units can we have in a 
division algebra?

The answer was finally given 
by Frobenius



In 1877 proved a theorem that, up to 
isomorphism, the only division algebras over the 
real numbers are:
1. The real number of dimension 1
2. The complex numbers of dimension 2 (one 

imaginary unit)
3. The quaternions of dimension 4 (three 

imaginary units)
4. The octonions of dimensions 8 (seven 

imaginary units) 

The octonions were independently discovered by
Graves (a friend of Hamilton)  in 1843 and by 
Arthur Cayley in 1845.



Complex structures operate on 
sections of the vector bundle



Pierre Dolbeault
(1924-2015)

On the purely mathematical front in the years from 
1953 to 1955, Pierre Dolbeault introduced a new very 
important mathematical instrument: 
the ∂-cohomology of the differential forms defined 
on complex analytic manifolds:

𝜕 =

𝑖

𝑑𝑧𝑖
𝜕

𝜕𝑧𝑖

This is the holomorphic analogue of de Rham cohomology

defined on real manifolds. Dolbeault cohomology is the topic of 

Dolbeault’s thesis, prepared by him under the direction of Henri 

Cartan, Élie’s son and one of the closest friends of André Weil. 

The thesis was defended in Paris in 1955.



It was the mission of a very original and, under some 

respects, also extravagant German mathematician of the 

XXth century to discover an ample class of very much 

relevant complex manifolds the codification of whose 

geometry is even more compact since it reduces to the 

specification of a single real function K (z, ҧ𝑧)∗ = K (z, ҧ𝑧) of 

the complex variables. 

The family name of this mathematician is Kähler and the manifolds he introduced
into the modern mathematical landscape are named, after him, Kähler manifods.
As we said, Kählerian complex manifolds form a large class, encompassing 
many important instances of varieties that are relevant both in pure mathematics
and in contemporary theoretical physics, in particular in the context of 
supersymmetric field theories.





Born in Leipzig, since the age of 12 Erich Kähler developed a strong interest and 

a true passion for mathematics. He became acquainted with Gauss work and 

with the theory of elliptic functions while he was still a school boy.  He graduated 

in 1928  from Leipzig University with a thesis entitled on the n-body problem. 
After a short term in Königsberg, he was PrivatDozent in Hamburg where he 
interacted with Artin. In 1931–1932  he  was in Italy where he studied with Enriques, 
Castelnuovo, Levi-Civita, Severi, and Segre. He absorbed many ideas in Rome and 
he learned Italian. In 1932 Kähler published the paper entitled Über eine 
bemerkenswerte Hermitesche Metrik where he introduced  Kähler metrics. During 
World War II, Kähler served in the Navy, was taken prisoner by the French and, 
while being in a concentration camp, he resumed his mathematical studies with 
the help of French mathematicians.
After he was released in 1947, Kähler was for a short period in Hamburg and then, 
in 1948 he accepted a full professorship in Leipzig. 
After ten years in the gloomy DDR, he managed to escape from the socialist lager
to the West in 1958, going back to Hamburg where he spent the rest of his life, 
being professor of Hamburg University until retirement.



During his Leipzig years, Kähler wrote in Italian a long essay entitled Geometria Aritmetica

that was published in 1958 on the journal Annali di Matematica. The incipient inclination of 

this brilliant mathematician towards a somewhat extravagant, almost mystical, 

reformulation of mathematical lore in a new philosophical approach was remarked with the 

following words by Kähler’s affectionate friend André Weil: This, in more ways than 

one, is an unusual piece of work. By its size, it is a book; it appears as a volume 

in a journal. The author is German; the book appears in Italian. The subject 

combines algebra and geometry, with some arithmetical flavouring; but the 

author, instead of following in his terminology the accepted usage in either one 

of those subjects, or adapting it to his purposes, has chosen to borrow his 

vocabulary from philosophy, so that rings, homomorphisms, factor-rings, ideals, 

complete local rings appear as “objects”, “perceptions”, “subjects”, 

“perspectives”, “individualities”.
In his last years Kähler, who suffered heavy blows in his personal life from the
death in 1966 of his son Reinhard caused by an accident and from the death in 
1970 of his wife, caused by leukemia, got more and more involved into 
philosophical studies. In 1992, evocating F. Nietzsche’s most famous piece of work, 
Kähler wrote a book entitled Also sprach Ariadne where he exposed his attempts to 
bring mathematics and philosophy together.



Complex Geometry Rises to Prominence



Another important example is provided by Calabi–Yau n-folds. These latter were
introduced by Eugenio Calabi in 1964 with the definition of complex
n-dimensional algebraic varieties, the first Chern class of whose tangent bundle vanishes.
Later, Shin-Tung Yau proved the theorem that for Calabi–Yau n-folds, every (1, 1) Dolbeault
cohomology class contains a representative that can be identified with the Kähler 2-form of
a Ricci flat Kähler metric.



Born Italian, Calabi is an American citizen. He graduated in 1946 from

MIT and obtained his Ph.D. from Princeton in 1950. He held temporary positions

in Minnesota and in Princeton, then since 1967 to retirement he was Full

Professor of Mathematics at the Universityof Pennsylvania, successor of Hans

Rademacher. He came to the definition of Calabi–Yau n-folds while exploring the

geometry of complex manifolds that support harmonic spinors.

Born in China, Yau studied first at Hong Kong University, then he went to

the USA where he got his Ph.D. in 1971 from Berkeley under the supervision of

Chern. Post-doctoral fellow in Princeton and in Stony Brook, he became Professor

in Stanford. Since 1987 he is Professor of Mathematics at Harvard University.

Yau’s proof of Calabi 1964 conjecture was published in 1977

Calabi Yau manifolds are utilized in Superstring/Supergravity
compactifications and yield vacua with N=1 or N=2 supersymmetry



Manifolds of restricted holonomy



THE GEOMETRY of GEOMETRIES



THE GEOMETRY of GEOMETRIES continued



With Supersymmetry Geometry became Special and a lot of 
mathematical structures so far not utilized in Physics found
their proper interpretation.



With the advent of the superworld the question 
what is vertical, what is horizontal becomes 
much more subtle and new geometries enter the 
stage. It is a new very intricate and interesting 
story both on the Mathematical and the 
Physical Front.



 Gravity is universal.  All
masses and energies feel it.

 Electromagnetic interactions
are mediated by photons.

 Weak interactions are 
mediated by W e Z bosons, 
they are responsible for 
neutron decay.

 Strong interactions are 
mediated by gluons. They
bind together the nucleons.



Einstein Gravity explains 
Newton’s law, the motion of 
planets, astrophysical 
structures and the large scale 
structure of the Universe 

The Standard 
Model

𝑆𝑈(3) × 𝑆𝑈(2) × 𝑈(1)

It describes electroweak
and strong 
interactions. It explains
the structure of the 
atomic nulceus.

The Standard Model
contains  
the fundamental 
“bricks” of matter



Spin is the intrinsic angular 
momentum  of elementary particles

spin = integer number :  BOSON

spin = half integer number : FERMION

Fermions obey  Fermi Dirac statistics and hence Pauli 
exclusion principle . Bosons do not !



Boson

Fermion

Fermion

Boson

Transforms the  bosons into fermions and

viceversa
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A new geometry 
is needed that 
incorporates 
both Bosons 
and Fermions
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 Produced in the last 40 years a spectacular revisitation 
and development of new and old geometries...

 The episteme has not been changed but refined in a 
deep and fertile way...

 Symmetry entered in these last 40 years a new 
challenging phase of its 2500 year long history that is 
extremely rich and conceptually surprising.


