
How matrices

and  vector spaces

were born





Savilian Professors 
of Geometry in 

Oxford
Sylvester // Hitchin



Cayley and Hamilton were good 
friends. Hamilton discovered 

quaternions, Cayley discovered 
octonions at the same time as 

Hamilton’s friend 
John T. Graves

Arthur Cayley was born 1821 in England in a well-to-do family of English merchants
boasting descent from the Norman Conquerors. He spent his early years in
Sankt Peterburg, capital of the Russian Empire where his father had established his
business. There are not sure evidences, but it seems that Cayley’s mother was of
Russian origin.



A.Cayley: A Memoir on the Theory of Matrices

The term matrix might be used in a more general sense, but in the present 
memoir I  consider only square and rectangular matrices a set of quantities 
arranged in the form of a square:

Cayley–Hamilton theorem,



The notion of a vector space was completely absent in the society of 1850.s 
mathematicians although a revolutionary book had already been 
published in 1844 by an obscure German school teacher, which, for a long 
time, no one wanted either to read or to understand.



Crilly discovered that one of the 
referees of Cayley’s 1858 paper was 
George Boole, the founder of modern 
Symbolic Logic.

George Boole (Lincoln 1815  Ballintemple 1864)
At age 16 Boole became the breadwinner for his family, taking up a junior teaching 
position. He taught briefly in Liverpool. Later he made a living running a boarding 
school. From 1838 onwards Boole was in touch with sympathetic British academic 
mathematicians and enlarged his own culture widely. He studied algebra in the form 
of symbolic methods and published research papers. In 1849 he was appointed the 
first professor of mathematics at Queen’s College, Cork in Ireland.





In his report on the paper dated March 29th 1858, Boole stated:





CORRECT?



Cayley did not explicitly define the neutral element but he 
implicitly assumed its existence since his list of symbols begins 
with the number 1. The full fledged axiomatic definition of a 
group was given by Camille Jordan in 1870, yet it is
fair to say that Cayley had essentially put it forward in his 1854 
paper.



Hermann Gunther Grassmann 
(Stettin 1809 - Stettin 1877)



Linear Science of the extended quantities



Giuseppe Peano (Cuneo 
1858 - Torino 1932).



From Gauss to Levi Civita



In nuce the fundamental  notions of
Differential Geometry, eventually 
leading to General Relativity are old
as Cartography and the Stereographic 
Projections

Yet they took about 80 
years to  arrive at 
ripeness:
From 1828 to about 
1905



Carl Friedrich Gauss (1777 – 1855). 



Bernhard Riemann, a genius and a giant of human 
thought, had a very short and not too happy life. He 
was Gauss’ student both at the level of Diploma and 
of Habilitationschrift. The whole of his work is 
contained in no more than 11 papers for a total of 
little more than 200 pages. Yet each of his 
contributions was a milestone in Mathematics and 
set the path for century long future developments. 
The foundations of Riemannian geometry were laid 
in the 16 page long dissertation of his Habilitation. 
Riemann had important ties with the Scuola
Normale di Pisa and died in Italy at the age of 39.



It is known that geometry 
assumes, as things given, both 
the notion of space and the 
first principles of 
constructions in space. She 
gives definitions of them 
which are merely nominal, 
while the true determinations 
appear in the form  of axioms. 
The relation of these 
assumptions remains 
consequently in darkness; we 
neither perceive whether and 
how far their connection is 
necessary, nor a priori, 
whether it is possible.



The reason of this is doubtless that the general notion of 
multiply extended magnitudes (in which space-magnitudes 
are included) remained entirely unworked. I have in the first 
place, therefore, set myself the task of constructing the notion 
of a multiply extended magnitude out of general notions
of magnitude. It will follow from this that a multiply extended 
magnitude is capable of different measure-relations, and 
consequently that space is only a particular case of a triply 
extended magnitude.



In this quest for invariants Riemann came to the notion of the 
Riemann curvature tensor that he outlined in his very dissertation.
Commentatio Mathematica is an essay in Latin written by Riemann 
in 1861 and submitted to the Paris Academy, in order to compete for a 
prize relating to the conduction of heat.



Christoffel’s doctor dissertation, dealing with 
the motion of electricity in homogeneous 
media was defended in 1856 in Berlin, just two 
years after Riemann’s presentation of the Ueber
die Hypothesen. He was professor at the 
Polytechnic of Zurich, at the newly founded 
Technical University of Berlin and finally at the 
University of Strasbourg which had become 
German after the defeat of Napoleon III in the 
1870 war. The core of his course was the theory 
of complex functions that he developed and 
presented according to Riemann’s approach. 







The seeds of 
Differential Geometry 
were planted by 
Riemann in Pisa.  
Through Betti and 
Dini they came to 
Ricci who  went to 
Muenchen as  a young 
post-doc when Klein 
was lecturing there 
(1876)





The very first textbook in 
Differential Geometry. The 
very name of the discipline 
was invented by Bianchi.



From General Relativity to the Episteme of the XXIst 
Century and the Superworld



Ce sont tous ces phénomènes 
de rapport entre les sciences 
ou entre les differents 
discours dans les divers 
secteurs scientifiques
qui constituent ce que 
j’appelle épistème d’une 
epoque.
Michel Foucault









The Man of the Harmonic Integrals





Hermann Weyl and the 
mathematical way of thinking…..

 In my work I always tried to unite the truth with
the beautiful, but when I had to choose one or the
other, I usually chose the beautiful...

 Words are dangerous tools. Created for our
everyday life they may have their good meanings
under familiar circumstances, but Pete and the man
in the street are inclined to extend them to wider
spheres without bothering about whether they then
still have a sure foothold in reality.

 We now come to the decisive step of mathematical
abstraction: we forget about what the symbols stand
for. The mathematician is concerned with the
catalogue alone; he is like the man in the catalogue
room who does not care what books or pieces of an
intuitevely given manifold the symbols of his
catalogue denote. He need not be idle; there are
many operations which he may carry out with these
symbols, without ever having to look at the things
they stand for.



Hermann Klaus Hugo Weyl (1885–1955). Born in Elmshorn near Hamburg, he
studied mathematics in Münich and Göttingen where he did his doctorate as
Hilbert’s student. Weyl joined the Faculty of Zürich ETH in 1913 where he
remained until 1930 and there he was colleague of Einstein. In 1930, after Hilbert’s
retirement he was his successor in Göttingen. In 1933 when Hitler came to power,
Weyl, whose wife Helene Joseph was a Jew, emigrated to the U.S.A. at the Institute
of Advanced Study in Princeton. Weyl’s wife was a philosopher who had been
Husserl’s student and this stirred Weyl’s interests in philosophy. They had two
sons. Weyl lived in Princeton until 1951, when he retired. After his first wife’s death
in 1948, Weyl married again in 1950 with the sculptress Ellen Bär and he divided
his time between Princeton and Zürich where he died in 1955 from heart attack.

Weyl brought continuous Lie Group Theory to the same
degree of perfection attained by Finite Group Theory.  In his

Classical Groups he elaborated Representation Theory and  
introducing weights was able to write his celebrated character 
formula



My own mathematical works are always quite unsystematic, without mode or
connection. Expression and shape are almost more to me than knowledge itself. 
But I believe that, leaving aside my own peculiar nature, there is in mathematics 
itself, in contrast to the experimental disciplines, a character which is nearer to 
that of free creative art.

In Aristotle’s logic one passes from the individual to the general by exhibiting
certain abstract features in a given object and discarding the remainder, so that two
objects fall under the same concept or belong to the same genus if they have those
features in common. This descriptive classification, e.g., the description of plants and
animals in botany and zoology, is concerned with actual existing objects. One might
say that Aristotle thinks in terms of substance and accident, while the functional idea
reigns over the formation of mathematical concepts.



Any ellipse in the x − y-plane is a set E of points (x, y) defined by a 
quadratic equation:

whose coefficients a, b, c satisfy the conditions:

The set E depends on the coefficients a, b, c: we have a function E(a, b, c) which
gives rise to an individual ellipse by assigning definite values to the variable 
coefficients a, b, c. In passing from the individual ellipse to the general notion one
does not discard any specific difference, one rather makes certain characteristics
(here represented by the coefficients) variable over an a priori surveyable range
(here described by the inequalities). The notion thus extends over all possible, rather
than over all actually existing, specifications.



In relation with the above views about the formation of  mathematical 

concepts we can add that there is a constant historical dialectics 

inherent to both mathematics and theoretical physics which has, as main 

untangled opponents, the issue of generalization and that of specific 

choices. This dialectics ultimately stems from our ambition to understand 

Nature in purely rational terms. On one side, exactly as described by 

Weyl, we generalize the notion of what exists into a mathematically 

defined family of what is possible. Typically the possible structures are 

parameterized by variables (the quadric coefficients in Weyl’s example) 

that have a range, namely can be thought as

points in a certain space which, in contemporary mathematical physics, 

is customarily dubbed the moduli space. In this way the trend of 

geometrization of both physics and mathematics is generally boosted: 

whatever is the notion we consider, it carries, attached with it, some sort 

of moduli space and our understanding of the virtual is essentially
encoded in our command over the geometry of moduli spaces



On the other hand we always would like to be able to select, 

among the possible structures, those that actually exist in 

Nature. Indeed some of Aristotle’s spirit persists in us up to 

the present time! 

In mathematical terms what actually exists corresponds to

some definite points in moduli space and our ambition is to 

characterize a priori such points, as special ones that we 

might predict. To this effect one resorts to new functions 

defined over moduli space, typically some potential or 

hamiltonian function, whose minima can select the special 
moduli points corresponding to what exists in actuality.



The game starts at this point once again in the new rush to 
define the family of possible hamiltonians and their moduli 
spaces. In these games a fundamental issue is provided by 
symmetries and by their classification to which Weyl also 
contributed a lot. The ultimate dream of many scientists is 
associated with sporadic entities, for instance groups. Because 
of their uniqueness they have no moduli and correspond to 
some end point in the conceptual chain. In some sense 
sporadic structures are the analogue in mathematical thinking 
of God or better of Gods, sticking to a polytheistic attitude that 
is historically much safer and peaceful of the monotheistic 
one.





Blaise Pascal: De l’esprit géometrique
C’est ce que la géométrie enseigne parfaitement.
Elle ne définit aucune de ces choses, espace, temps,
mouvement, nombre, égalité, ni les semblables qui 
sont en grand nombre, parce que ces termes-là
désignent si naturellement les choses qu’ils
signifient, a ceux qui  entendent la langue, que 
l’eclaircissement qu’on en voudrait faire apporterait
plus d’obscurité que d’instruction.

On ne peut entreprendre de définir l’être sans tomber 
dans cette absurdité: car on ne peut définir un  mot sans 
Commencer par celui-ci c’est, soit qu’on l’exprime ou qu’on
le sous-entende. Donc pour définir l’être, il faudrait dire
c’est et ainsi employer le mot défini dans la définition


