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The Canon, was the title of a treatise
written by the Vth century sculptor
Polykleitos, who exemplified his theory
in a bronze statue, the Doryphoros (the
Spear Bearer). Both the treatise and the
statue lost, but a roman marble copy
dating about 120 BC has reached us
from Pompeii and it is preserved in
Naples National Archaeological
Museum. A quotation from the treatise
has survived in the book De Placitis
Hippocratis et Platonis by Galen, the
famous medical writer of the II century
A.D..

Chrysippos holds beauty to consist not in the
commensurability or ”symmetria” of the constituent elements
of the body, but in the commensurability of the parts, such as
that of finger to finger, and of all the fingers to the palm and
wrist,and of those to the forearm, and of the forearm to the
upper arm, and in fact, of everything to everything else, just as
it is written in the Canon of Polyclitus. For having taught us in
that work all the proportions of the body, Polyclitus supported
his treatise with a work: he made a statue according to the
tenets of his treatise, and called the statue, like the work, the
’Canon’.

in his METAPHYSICS Aristotle says:
. . . the so-called Pythagoreans applied
themselves to the study of mathematics,
and were the first to advance that science;
insomuch that, having been brought up
in it, they thought that its principles must
be the principles of all existing things.
.

Aristotle observes that the ONE is
reasonably regarded as not being itself a
number, because a measure is not the things
measured, but the measure or the ONE is
the beginning (or principle) of number.

Easily countable,
hence understandable,
therefore beautiful!
In geometry however made their
appearance irrational numbers and
Pythagorean philosophy entered a crisis

Thales theorem .

According to tradition Thales Milesius, the first
Greek philosopher and mathematician, learnt
about geometrical formulae in Egypt and in
Babylon but he was the first who conceived the
deductive method and provided what we call a
mathematical proof of a theorem. Indeed the
proposition about the inscription of a rectangular
triangle in a circle.

Quotations from my book published by Springer:

A Conceptual History of Space and Symmetry:
from Plato to the SuperWorld

Euclid of Alexandria was active during
the reign of Ptolemy I (323 - 283 BC).
In the picture we see Euclid as imagined
by Raffaello in his School of Athens and
on the side an example of a proof
from the original Greek version of the
Elements.

The Elements is probably the most famous mathematical textbook
of all times.
The Greek original was transmitted through the edition cured by
Theon from Alexandria in the IV century AD. In 1808 Francois Peyrard
discovered in Vatican a manuscript of the Elements coming from a
byzantine workshop of the Xth century that was not based
on Theon’s edition. The first latin translation appears to have been
produced by Boethius in the VI century AD but then the Elements
disappeared in Western Europe, until the English monk Adelard of Bath
produced a Latin translation of an Arabic version.
The Arabs received the Elements from the Byzantines
approximately around 760; this version was translated into Arabic
under Harun al Rashid c. 800 and became the source of Adelard.
Theon’s Greek edition was recovered in 1533.

Space is not an empirical concept which has been derived
from outer experiences. On the contrary: it is the subjective
condition of sensibility, under which alone outer intuition is
possible for us.

What remains unchanged from Antiquity is the
association of numbers and symmetry with our
perception of the understandable and understood

from a finite portion of the figure we can predict it in the
entire plane

How many of these patterns are possible?
ANSWER 17!
All of these 17 patterns are represented in Alhambra, yet the reason behind
was understood only in 1891 from Fedorov in Sankt Peterbourg :

TESSELLATION GROUPS of the PLANE!

Evgraf Stepanovich Fyodorov (Orenburg 1853 –
Sankt Peterburg 1919).

The key word is GROUP! We need to go back to the beginning
of the XIX century: GALOIS and still before, PLATO

Timaeus includes
the first mention
of five regular
solids and the
platonic theory of
fundamental
constituents of
matter.

Prof. Pietro Fré

The question is whether Plato, admired by the modern founders of physics
Copernicus, Kepler and Galilei, as the ancient philosopher who shared
their belief in mathematics as the language of Nature, was actually
committed to a mathematical theory of the world.
There are several hints that he was not. In the Republic he says

Motion presents not just one, but many forms.
One is that is imperfectly illustrated by celestial motions.
The other is the musical motion, studied by Pythagorean
acoustics.

Εὔδοξος ὁ Κνίδιος
We have Plato’s warning to would-be astronomers, that they should
not expect heavenly bodies to be excessively punctual, nor spend
too much effort observing them in order to grasp their truth. It
was probably aimed at none other than the young Eudoxus, who,
while the Republic was being written, attended Plato’s lectures and
perhaps mentioned his plan for a mathematical theory of planetary
motions
The life span of Eudoxus of Cnidus is probably (408355 B.C.) and it is generally believed that his work is
the ground basis of Euclid’s Vth Book,

He introduced models of the heavenly motions
based on uniformly rotating spheres whose poles,
at the extremity of the rotation axes, are pinned
on other rotating spheres. Such models evolved in
the Ptolemaic theory of the cycles and epicycles

The successful outcome of the models conceived by Eudoxus
seem to have convinced Plato, in his older age, of the feasibility
of a mathematical theory of heavenly motions. Plato reconciled
his opposition to a mathematical theory of physical phenomena
with this counter evidence from astronomy by setting apart the
heavenly bodies, as intelligent entities, whose behavior is quite
different from the clumsy, unpredicatable behavior of the
inanimate objects that surround us.

Plato’s theory of the physical world is geometrical as
opposed to arythmetic, Geometry and Arythmetic being
two branches of Mathematics in our present day view,
yet philosophically different in Plato’s and Pythagorean
perception.

The Demiurge, Creator of the Universe, was by definition the
Very Good One. The Very Good One nothing is allowed to do
that is not the most beautiful. Hence the Demiurge made the
World beautiful, which, in line with the Canon of Polykleitos
means in good proportions.

Now that which is created is of necessity corporeal, and also visible and
tangible. And nothing is visible where there is no fire, or tangible which has no
solidity, and nothing is solid without earth.
Wherefore also God in the beginning of creation made the body of the
universe to consist of fire and earth.
……….. If the universal frame had been created a surface only and having no depth,
a single mean would have sufficed to bind together itself and the other terms; but
now, as the world must be solid, and solid bodies are always compacted not by one
mean but by two, God placed water and air in the mean between fire and earth,
and made them to have the same proportion so far as was possible.

Translating into modern physical terms, the Demiurge created the
Universe out of radiation (=fire) and matter (=earth) since what is generated
has to be felt (=gravity) and it has to be seen (you need light). Yet in order to
fulfil the imperative of beauty you need proportions and this implies at least
one mean x as to be able to write F/X = X/E where F stands for fire and E
for earth (this is certainly reminiscent of Eudoxus’ theory of magnitude
comparisons exposed in Euclid’s Vth book).
However, the Universe had to be three-dimensional, rather than
two-dimensional.
In d = 3 one mean is not sufficient to write proportions of solid
bodies so you nead two means X;Y so to be able to write write
F/X = X/Y = Y/E .
The X and the Y were the two additional elements Air and
Water.

The argument that leads to the identification of the four elements with four out
of the five regular solids is quite elaborate and based on the fundaments of
Platonic Idealism.

The patterns are the
Ideas, the
imitations of the
patterns are the

Physical
Phenomena,
the receptacle is
just Space, the
space of Geometry.

......our discussion of the universe requires a fuller
division than the former; for then we made two classes,
now a third must be revealed.

What nature are we to attribute to this new kind of being?
We reply, that it is the receptacle, and in a manner
the nurse, of all generation.

the Receptacle is
the GEOMETRICAL SPACE
(Immanuel Kant will follow)

I must first raise questions
concerning fire and the other
elements, and determine what each
of them is; for to say, with any
probability or certitude, which of
them should be called water rather
than fire, and which should be called
any of them rather than all or some
one of them, is a difficult matter.

Democritus 460-370 BC

In modern terms Timaeus remarks that matter
changes shape and status since it is probably
made of subconstituents as it was claimed by the
atomist Democritus

Thus Timaeus argues
that all the elements are three
dimensional
bodies
that
occupy a finite portion of
space. Such finite volumes
correspond to some solids
delimited by faces that are, on
their turn, finite portions of
the plane.
All plane figures and in particular the faces of the
considered solid can be triangulated, namely they can be
decomposed into triangles. All triangles, on their turn, can be
decomposed into two rectangular triangles as shown.

In the first place, then, as is evident to all, fire and
earth and water and air are bodies. And every sort
of body possesses solidity, and every solid must
necessarily be contained in planes; and every plane
rectilinear figure is composed of triangles;
and all triangles are originally of two kinds,
both of which are made up of one right and
two acute angles; one of them has at either end
of the base the half of a divided right angle,
having equal sides, while in the other the right angle
is divided into unequal parts, having unequal sides.

Thus Timaeus argues
that all the elements are three
dimensional
bodies
that
occupy a finite portion of
space. Such finite volumes
correspond to some solids
delimited by faces that are, on
their turn, finite portions of
the plane.
All plane figures and in particular the faces of the
considered solid can be triangulated, namely they can be
decomposed into triangles. All triangles, on their turn, can be
decomposed into two rectangular triangles as shown.

These constituent triangles, then, proceeding by a combination of
probability with demonstration, we assume to be the original
elements of fire and the other bodies ; but the principles which are
prior to these God only knows, and he of men who is the friend of d
God

Unique type of
isosceles
rectagular
triangle

Now, the one
which we maintain
to be the most
beautiful of all the
many triangles (and
we need not speak
of the others) is that
of which the double
forms
a
third
triangle which is
equilateral

In this way Plato elaborates a conception according to
which there are subconstituents of the basic elements,
namely triangles with quantized angles
𝜃 = 30 ; 45 ; 60 or 90 degrees
and the faces of the fundamental elements = solids
are either squares or equilateral triangles that can be
constructed by adjoining two triangles of the above
class.

The Tetrahedron, the Octahedron and the Icosahedron have
equilateral triangular faces so that they are made of the same unique
type of subconstituents.
Their identification with Fire, Air and Water is somewhat
arbitrary and it is made in order of complexity, assuming that Fire is
thinner than Air and Air is thinner than Water.
The Cube, whose square faces can be decomposed in terms of
the other species of constituent triangles, is set apart and associated
with Earth which looks less akin to be transformed into Fire, Air or
Water than the other three are akin to transform into eachother. This
conception provided also an embryonal idea of chemical reactions
conceived as the dissociation and reassociation of the elementary
constituent triangles.

Physics happens on the boundary and elementary
constituents on the boundary define the bulk (i.e. the
elements)

FIVE SOLIDS, YET only THREE
GROUPS

Algebraic equations have been studied from
remotest Antiquity.

Diophantus
Alexandrinus
III secolo DC

Abu Jafar Muhammad
ibn Musa al-Khwarizmi
780 DC. 850 DC
Corte Abbaside

Evariste Galois
(1811 - 1832)

Girolamo Cardano
(Pavia 1501
Roma 1576).

Niccolò Fontana
Tartaglia
(Brescia 1499
Venezia 1557)

When an algebraic Equation is solvable by radicals?

Mount Athos, Pantokrator Monastery
Mikhael Psellos (1017-1078)
Dating Diophantus life was
possible through a letter of Psellos
discovered by Paul Tannery in
Spain in late XIXth century.

Toledo in the XIIth century A.D. was the meeting
place of Arab scholars with Western latin
speaking scholars. These latter came here (
in a catholic Kingdom) and learned Arabic to talk
with their colleagues and retrieve thanks
to them the lost Greek science.

Liber algebrae et almucabala is the title of the
translation into latin performed by Robert of
Chester and later repeated by Gherardo da
Cremona who translated also the Almagest,
namely the main book of Ptolemy

Some Etimology
kh(w)ar "low" and zam "land." Khwarazm is indeed the lowest region in Central
Asia
The name also appears in Achaemenid inscriptions as Huvarazmish, which is
declared to be part of the Persian Empire.

La città di Khiva è in Uzbekistan e ospita una statua di Al Khwarizmi, cioè quello di
Khwarazm, un persiano……arabizzato.

On the left Girolamo Cardano (Pavia 1501 - Rome 1576). On the right Niccolò
Fontana (Brescia 1499 - Venice 1557)

The news of this contest spread around and Tartaglia, who had become quite
famous, was invited to visit Milano by Cardano. This latter learned from his
guest about the cubic equation formula, under the condition that he would
not reveal it to anyone. Cardano worked further on it with his own student
Ludovico Ferrari who arrived at the solution formula also for the quartic
equation. Since Tartaglia had not yet published his results and Cardano came
to know about the previous discovery of the same formula by Scipione del
Ferro, he felt free from his promise to Tartaglia and published the solution
formulae of both the cubic and the quartic equations in his book Artis
Magnae.

Let us extend the field F with these roots
This means that every element
is a rational
function of the roots i with coefficients in

Action of permutations on the new field K

Not all the permutations are OK, only those that preserve the field operations

The set of these permutations forms a group, the Galois Group.

TEOREMA di GALOIS
Un’equazione algebrica
è solubile per radicali se
e solo se il suo gruppo di
Galois è solubile

Che cosa sia un gruppo solubile è una questione tecnica. Non la affrontiamo.
Riflettiamo piuttosto sul portato filosofico e sulla rivoluzione concettuale
implicita nel teorema di Galois.

Everything is exceptional about Evariste Galois, both his mathematical
achievements and his short unlucky personal life. No more romantic and tragic
cradle for the Theory of Groups might have been invented by the capricious
destiny. Evariste Galois was born October 25th of 1811 in the small town of Bourgle-Reine. He died at the dawn of May 31st 1832 from the wounds received the day
before in a duel. During the 21 years of his life he suffered all types of misfortunes
and blows, mainly caused by the incomprehension and stiff stupidity of his
teachers, by the political turmoils of the time and by his naiveness. He wrote his
results in a paper that he wanted to submit to the Academy and, for that purpose,
he managed to give it to Cauchy who promised to support its publication.
Unfortunately Cauchy lost Galois’s manuscript. In 1830 Galois tried once again to
publish his own results by giving a new paper to the scientific secretary of the
Academy. This latter brought home Galois’ manuscript to read it, but the very same
night he unexpectedly died; Galois’ work was once again lost. In the last two years
of his life Galois was twice arrested as a subversive, spent some months in prison,
was released, participated to other political quarrels, had aove affair with a girl of
vulgar personality, who disgusted him. Galois paper was finally published by
Liouville in 1846 fourteen years after Galois’death in duel.

 We come now to the development of Group Theory that

involves the extension from the finite to the infinite and
the continuous as well.
 The conceptual path is tied up with an intricate path of
human lifes less dramatic, yet no less adventurous then the
birth of Group Theory was.
 A highly momentuous episode in this tale took place in the
Spring of 1870 in Paris.
 Two young men were there. They had arrived together, they
shared the same cheap hotel and met with the same French
mathematicians. They were Felix Klein and Sophus Lie.

Sophus Lie

Felix Klein

Gaston
Darboux

Camille Jordan

In 1868 Lie fell in love with the papers on geometry written by Poncelet and
Plucker.

Extending his procedure from real to
complex projective geometry Lie found
also what in modern terms can be
described as the local isomorphism of the
group SL(4,C) with the group SO(6, C).

Klein and Lie wrote a paper
Julius Plucker (1801 - 1868)
together on the quartic Kummer
surface K3 and learnt about group theory, Galois-like
from Jordan and Darboux. In July the Franco-Prussian
war broke out. Klein fled to Prussia while Lie
remained in France, was arrested as a German spy since
he had Math. Notes in German and liberated thanks to
Darboux went back to Norway via Italy and Germany.

In a paper of 1874 he wrote: How can knowledge of a stability group

for a differential equation be utilized towards its integration?
By stability group of a differential equation it was meant a group of
transformations whose effect was that of permuting the solutions of
the equations among themselves.

In the quoted paper Lie proved a famous theorem that
was the beginning of Lie Group Theory.
ONE PARAMETER GROUP of
TRANSFORMATIONS:

Lie
Theorem

Structure
constants

Have a geometric space and some
transformation group. A geometry
is the study of those properties of
the given geometric space that
remain invariant under the
transformations from this group.
In other words, every geometry is
the invariant theory of the given
transformation group. In all known
geometries a founding concept was, as Klein
emphasized, the notion of equivalence
classes. In Euclidian geometry, for instance,
all equilateral triangles of the same size are
equivalent and you study the properties of the
class.

Christiania

Gottingen

Lipsia

Parigi

Erlangen
Monaco

Pisa

Year 1870 and
Following ones

Lie wrote:
If only I knew how to get mathematicians interested in
transformation groups and their applications to
differential equations. I am certain, absolutely certain,
that these theories will some time in the future be
recognized as fundamental. When I wish such a
recognition sooner, it is partly because then I could
accomplish ten times more.
In the last years of Lie’s life his old friendship with Klein broke
down and in 1892 Lie publicly attacked Klein writing:
I am no pupil of Klein, nor is the opposite the case,
although this might be closer to the truth.

Wilhelm Karl Joseph Killing (18471923). Born in a small center near
Siegen, he died in Muenster.
He studied in Berlin with Kummer,
Weierstrass and Helmholtz. He
received his doctoral degree in
1872. Principal of a Lyceum in
Eastern Prussia, in 1882.
In 1884 in a small booklet
published by his own Lyceum with
the humble name of
Programmschrift

In a vein similar to that of Klein in the Erlangen Programme,
Killing wanted to classify possible geometries by classifying
the infinitesimal motions under which the objects of study in
each geometry should be invariant. Examining his work from
a modern stand point it appears that, already in the
Programmschrift, Killing had singled out the notion of simple
Lie algebra (one which has no solvable ideal) and had already
formulated a strategy how to classify such algebras.
Hence in August 1884 Killing forwarded his own
booklet to Lie. He waited more than a year for an answer never
getting it. So in October 1885 he wrote once again to Lie,
requesting a copy of his papers. Lie send them to Killing under
the condition that after reading he should return them to the
author, which Killing did in March 1886.

 1886 Killing visits Lie and Engel in Leipzig on his way

to Heidelberg
 April 1887, Killing wrote to Engel that he had
perfectioned the definition of semisimple Lie algebras
 October 18th 1886 announced that he had found the
complete list of the simple Lie algebras
 All of Killing’s results were published between 1888
and 1889 on the prestigious journal Mathematische
Annalen founded by Klein.

said

Student of Darboux

Elie Cartan (1869-1951). A true giant
of XXth century mathematical
thought. He completed the theory of
Lie Algebras, invented exterior
differential calculus, invented the
theory of symmetric spaces,
introduced the notion of mobile
frames, reformulated the theory of
General Relativity, discovered spinors
much earlier than physicists. He gave
fundamental results in the theory of
differential equations and essentially
invented the concept of fibre-bundles.

Cartan’s doctoral dissertation was presented in 1894
and was already a masterpiece. His thesis was a
rigorous remake of Killing’s papers where he also gave
the explicit matrix construction of all exceptional Lie
algebras, already announced in a paper published by
him one year before in German. He brought the
theory of Lie algebras and Lie groups to perfection by
classifying all their representations and, so doing, in a
paper of 1913, he discovered spinors, much earlier
than physicists found them necessary to describe the
intrinsic angular momentum of fermions. He
combined Lie theory with differential geometry,
founding, developing and completing the theory of
symmetric spaces.

